We study the dynamical equations for two-family neutrino oscillations in a medium of continuously-varying density. We can find explicit solutions to these equations in terms of series of nested integrals. These solutions can serve as a basis for numerical calculation of these processes or for further study of their analytical properties.
I. Introduction
The presence of neutrino oscillations [1] [2] has renewed interest in the question of oscillations within matter [3] [4] [5] . The early work ("MSW") of Refs. 3 and 4 solved the problem of propagation within a medium of constant density, and it is possible to treat nonconstant density by numerical means. It is nevertheless always useful to think about an analytic approach [6] in order to develop insight and understanding. Since the case we study here is that of a two-channel problem, some aspects of the methods we describe are also applicable to spins in varying magnetic fields and other two-channel orderdependent problems.
For convenience we recall here the MSW results [3, 4] , constant density We assume a two-channel approximation to neutrino mixing and give the amplitude T(t) for a neutrino beam of energy E passing through a medium of constant electron density N e given some initial neutrino flavor mixture ψ(0), namely ψ(t) = T(t)ψ(0). This introduction sets some notation and recalls well-known results. Below we shall be concerned with variable density.
II. Passage through a medium of variable density
The Schrödinger equation for a two-family weak state ψ(t) propagating through a medium of electron density N e is ( ) The last line defines the matrix P(t), in terms of which we can write our formal solution to this equation. We remark in particular, for later use, that the 21 element P 21 equals the complex conjugate of the 12 element P 12 . We will below express the solution to Eq. (2.13) in terms of P 12 and P 12 *.
The form that P(t) takes is easy to understand. The central matrix in the first line of Eq. (2.13) is a linear combination of σ 1 and σ 2 , while the external factors 3 cos2 2 i I e σθ ± take the form of a rotation about the 3-axis. Their effect is then to rotate the combination of σ 1 and σ 2 to give a different combination that lies at a different anglethat takes the form of the original combination but with the phase shifted. This is indeed what happens, as the explicit calculations that give us P(t) show. 
Solution of the equation for
It is worthwhile noting that the quantity I, Eq. (2.12), does not appear in this equation. We may take the required two boundary conditions to be ζ 1 (0) and ζ 2 (0) = 1 (0)/(0) ζα .
Once we find the solution for ζ 1 (t), we have ( ) (3.13 ) This is the full canonical form described in Section I for propagation in a medium of constant density. Adiabatic Expansion. If the factor in Eq. (3.4) that contains the derivative of A is small compared to the other factors, one can make a systematic adiabatic expansion [6zz] in terms of it about the 0 th order (MSW) answer. To do so, it is useful to recast the solution technique somewhat. We shall first take the starting point of the neutrino beam, at t = 0, to specify the constant background level of the material density factor, i.e., A(0) = A 0 . We leave the boundary conditions ζ 1 (0) and ζ 2 (0) unspecified for the moment but remark that using Eq. (2.13) the boundary condition for ζ 2 (0) gives us alternatively a condition for the derivative of ζ 1 at t = 0:
We see from our earlier solution of the constant density case (Eq. 3.8) that the tdependence is contained in a pair of phases. An alternative way to derive these phases in the constant density case is through a solution ansatz of the schematic form ζ 1 = R 0 exp(iS 0 (t)), (3.14) where R 0 is constant and where S 0 (t = 0) = 0. The real and imaginary parts of Eq. (3.5) lead to the following equations for S 0 (t): Having reviewed the 0 th order (constant density) problem, we go on to include time (distance) dependence in the material density. We accordingly write the input density as
21) where f 1 (t) << 1 for all t in the problem and f 1 (t ≤ 0) = 0. We extend our ansatz for the solution to the form
The quantities with subscript "1" are all small; moreover, ρ 1 ± (0) = σ 1 ± (0) = 0. We also set
(3.23b)
We now insert our ansatz into Eq. (3.5) . The spirit of the adiabatic expansion is to keep only first order terms in quantities with the subscript "1." In addition, we insist that the coefficients of exp(iS ± (t)) vanish separately. (3.24b) where To the equations for v 1 ± and u 1 ± we add boundary conditions that follow from dζ 1 /dt = 0, The phase function S ± (t) takes on a suggetive form if we use the identity K ± = ±ωλ ± − ∆(b 0 ± ω), in which case we can write ( ) The first term integrates the material density.
An example:
We take a linear variation, f 1 = qt, together with the condition that the beam is pure ν µ at t = 0 (which translates into ζ 1 (0) = −sinθ and ζ 2 (0) = cosθ). these citations is not, we believe, the one we have developed here. We shall discuss this matter elsewhere.
Figure Captions
Figure 1. Probability, as calculated in the adiabatic approximation described in the text, of ν e as a function of time from production as a pure ν µ at t = 0, in a medium with density factor A 0 (1 + qt), where A 0 = 6 × 10 9 cm −1 = 10 −13 eV corresponds to Earth-like density.
We assume the primary mixing angle is θ = 0.7 and that the difference of the square of the neutrino masses is 5 × 10 −6 eV 2 . The factor ∆ = −7.9 × 10 −14 eV, a value for which the neutrino energy lies around the MSW resonance value, an energy of roughly 20 MeV. The horizontal exis is in units of 10 14 eV −1 ; note that for q = −2 × 10 −15 eV, qt = −0.2 at t = 10 14 eV −1 . Figure 2 . Same as Fig. 1 , but with the factor ∆ = −7.5 × 10 −15 eV, a value for which the neutrino energy lies roughly ten times higher than that corresponding to the MSW resonance value. 
